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Necessary Condition for Piecewise
Uniform Optimum Design under

Frequency Constraint
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Introduction

WE have shown in a recent Note,* how the piecewise uniform
minimum weight of a clamped bar could be obtained

exactly for any chosen fundamental frequency of axial vibration.
It was also shown that the continuous optimum design can be
approximated as closely as desired by using an appropriate
number of uniform regions. Since it is desirable from a practical
point of view to use as few steps as possible, the objective of this
Note is to show the minimum number of steps one must use in
order to obtain a given fundamental frequency.

We use here the same notation as in Ref. 1, and the reader
should refer to this Note for the derivation of the equations.
However, we assume now that the n uniform regions have the
same length Lf = L/n (Fig. 1), the frequency parameters af all
being equal to a = pL/n. Besides, the only nonstructural mass M
is located at the bar tip.

Fig. 1 Clamped bar with n uniform elements.

Relation between Frequency and Number of Steps
To obtain information about a, we must eliminate the

Lagrange multipliers from Eqs. (7-10) of Ref. 1. Elimination of
Aj_ i from the last two leads to relation

A,- = / sin2 (a + Of)/sm a cos (a 4- 2Ot) (i = 2, . . . , n) (1)
which, combined with A,--!, from Eq. (10), Ref. 1, requires that
Of andO,-! satisfy
cotOj = [sin a sin (a + 3>,-i) ± cos Oj.J/cos a sin (a+O,-!)

( i = 3 , . . . , n ) (2)
Since 0 < <D, < n/2, the plus sign must be chosen in Eq. (2). This,
together with special consideration of the case i = 2, (with Of = 0)
leads to the alternate recurrence relations
cot <!>,• = tan a +1 /(sin a cos a + cos2 a tan Of _ t)

(i = 2, . . . ,n) (3)
If 0 < a < n/2, we see from Eq. (3) that

cot Of > tan a (i = 2,..., n)
Therefore, O,- + a < n/2, which is the condition to have the first
mode. Thus, the only condition in order to get the required
fundamental frequency with a given number of steps n is that

a = pL/n < n/2 (4)
Equation (4) shows that for a given number of steps n, the
maximum frequency factor obtainable is

pL ̂  nn/2
Conversely, if we require a frequency factor PL, we need a
minimum number of steps: n > 2pL/n. In particular, as we might
expect, a uniform member, n = 1, has a maximum pL — n/2.
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Introduction

MOST of the simplified theories for plates are constructed
based on the assumption that the characteristic length of

deformation is much larger than the thickness of the structure.
The conventional approach in determining the region of
adequacy of the plate theories has been by the use of com-
paring the dispersion curves for the harmonic wave propagation
in the plate obtained from the plate theories and the three-
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dimensional theory of elasticity, respectively. The classical plate
theory based on the Kirchhoff hypothesis is generally agreed to
be accurate if the wavelength is about ten times the thickness.
The Timoshenko type of plate theories which include transverse
shear and rotatory inertia are believed to be valid for very short
wavelengths for the lowest mode of flexural waves. It is also well
known that the Timoshenko type of plate theories, even though
very good for the first flexural mode, cannot describe accurately
the higher modes of wave propagation. Theoretically, higher
order plate theories can be derived by using the power series
expansion about the thickness coordinate as suggested by Cauchy
and extended later by Mindlin.1 However, the improvement
obtained by retaining more terms in the expansion is at the
expense of the desired simplicity of the plate theory.

While being rather comfortable with the application of the
plate theories in static problems, natural vibrations, and
•harmonic wave propagations, we are still uncertain about their
usefulness in dealing with the impact problems. Indeed, when a
plate is subjected to an impulsive load, reflections of waves from
the top and bottom surfaces cannot be accounted for by the
plate theories. In addition, higher modes and short wavelength
disturbances may be induced.

Because of the increasing use of laminated composites in the
turbine blades in the jet engine, damages resulting from the
impact of a foreign object have become of great concern. The
actual failure process is still unclear and may not be simple in
nature. However, it is in general agreed that the cause of the
sudden failure must be examined from the point of transient
wave propagation phenomena.2"4

In this Note, transient waves in a plate of fiber-reinforced
composite materials subjected to lateral impulsive loadings are
investigated. The unidirectionally reinforced composite is con-
sidered as a homogeneous and orthotropic medium. Complex
Fourier transform and Laplace transform are employed in the
analysis. The inversion of the transforms is done by the use of
a computational algorithm, the fast Fourier transform (FFT).

Exact Analysis
Consider an infinite elastic layer reinforced by unidirectional

fibers. The layer will be considered effectively as a homogeneous
orthotropic elastic medium. The axes x, y, z are taken to
coincide with the axes of orthotropy with the x-axis parallel to
the fibers. If a state of plane strain parallel to the x-z plane is
assumed, the equations of motion can be written as

d^u
5 5 z 2 '

82w
dxdz

d2w

- 2
dt

d2v
dxdz C55

(1)

(2)

where u and w are the displacements in the x- and z-directions,
respectively; p is the mass density; and ctj are the elastic
constants.

Equations (1) and (2) can be nondimensionalized as
:d2u
'~dx~2-+

dZ2

d2U d2W

___ = d2U
) l d X d Z ~ dT 2

^d2W _d2W
3*~dz2 = 'dr233 'dXdZ

in which
U = u/h, W=w/h, X = x/h, Z = z/h
T = t(GTTh/pY12, ciS* = Cij/GTT

where h is the thickness of the layer, and GTT = c44 is the
transverse shear rigidity in the y-z plane.

We denote the Fourier transform and Laplace transform by

(5)

f ( X ) e - i s X d X

and

j(p} =

(6)

(7)

respectively. Taking the transforms of Eqs. (3) and (4) we obtain

(8)

d2W

dZ

dd* ̂  = °dZ (9)

Equations (8) and (9) can be solved for W and U. We
obtain for W

where Q are integration constants, and af are the roots of the
characteristic equation

in which the coefficients are given by
LJ si % r> HSn i — ^33 *-55

The solution for U can be obtained easily from Eqs. (8) and (9).
The transformed nondimensional stress components can be

easily shown to be
(13)
(14)

where
5k />-i jjc __ ls~i /-* C\

Ozz
 == Gzz/^TT' ®xz — ^xz/^TT \*~^)

It is assumed that the upper surface of the plate is subjected
to an impulsive line load q while the bottom surface remains
free from tractions. The boundary conditions can be non-
dimensionalized and transformed into

(16)
(17)

vxz* =0, Z = 0.5
- * _ - * = = 0 , Z= -0.5f f * = <7r

where
V* = q/GTT (18)

Substitution of Eqsx(13) and (14), in conjunction with the
solutions for J^and U, into Eqs. (16) and (17) leads to

fCi~
C2

C3

A.

(19)

where

j = (Bj+sD)/De!zJ12

(20)

(21)

£ = (p2 + Cn*s2) (24)

The integration constants C,- (j = 1-4) thus can be determined
from Eq. (19). Inversion is now the remaining work.

Solution by Plate Theory
The plate equations for fiber-reinforced composite plates

developed by Whitney and Pagano5 will be employed. Using
the same coordinate system as described previously, the
equations of motion for the plate in a state of plane strain
parallel to the x-z plane are

,25,dt2

Di ——
dx dt2 (26)
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where w° is the transverse displacement, i//x is the rotation of
the plane section perpendicular to the x-axis, K( = n2/l2) is a
shear correction factor, and A55 and Du are the plate
transverse-shear and plate bending rigidities, respectively. (For
details of the plate equations, see Ref. 5.)

Equations (25) and (26) can be again nondimensionalized
and then transformed. The transformed equations are

(27)

(28)

(29)

(30)

(31)

* ) x = 0

where the dimensionless quantities are defined as
W° = w°/h, 7* = ///i3, A5S* = A55/GTTh,

£>ii* = £n/GTr/z3

Solving Eqs. (27) and (28), we obtain
WQ = f *//?

where Fig. 2 Displacement profile at T = I for q* = d(X)Te~T.

Numerical Inversion by FFT
The inversions of the transformed solutions given by Eqs. (10)

and (30) are carried out numerically by use of the fast Fourier
transform method.6 The fast Fourier transform method is a com-
putational algorithm with which inversions of the Fourier
transform and, with a slight change of variables, the Laplace
transform can be computed on digital computers.7'8 It is found
in the following numerical examples that the computing time
for the exact solution is significantly longer than that for the
plate solution.

The material chosen for the numerical examples is the boron-
epoxy composite for which a typical set of material constants
are given by

EL = 25 x 106 psi, ET = lx 106 psi, VTT = VLT = 0.25
GLT = 0.5 x 106 psi, GTT = 0.2 x 106 psi ^

EL and ET are the Young's moduli, GLT and GTT are the shear
moduli, VTT and VLT are the Poisson's ratios, and the subscripts
L and T denote the directions parallel and normal to the fibers,
respectively.

We consider two loading functions
q* = d(X)H(T) (33)

and
q* = 6(X)Te-T (34)

where d(X) and H(T) are the Dirac delta function and the
Heaviside function, respectively.

Figure 1 shows the profile of the transverse displacement at
T = 1 in the plate subjected to Type-1 loading given by Eq. (33).
The exact displacements at the top surface and at the midplane

Fig. 1 Displacement profile at T = 1 for q* = 6(X)H(T).

of the plate are shown in the figure. It is found that the plate
solution agrees very well with the exact solution except in the
vicinity of the load. In this region, the exact displacements on
the top surface (Z = 0.5) and in the midplane (Z = 0) also differ
substantially. This difference is expected in view of the
unboundedness of the stress on the top face under the load.

It is clearly observed from Fig. 1 that there are two possible
wavefronts propagating. In a recent study on wavefront propaga-
tion in laminates,3 it was found that, in general, there were five
possible wavefronts. In the present case there exist two wave-
fronts according to the results of Ref. 3, namely, the transverse
shear wave and the bending wave. The wavefront locations of
these two waves which can be read off easily from Fig. 1 were
also predicted by Ref. 3. It is noted that at the leading wave-
front, which lies at X « 9.5 at T = 1, there exists a jump in the
bending moment, while the second wavefront which occurs at
X « 1.5 carries a jump in transverse shear.

The solutions associated with Type-2 loading as given by
Eq. (34) are presented in Fig. 2. Because of the relatively
smooth application of the load, better agreement between the
exact and plate solutions at the wavefront of the transverse shear
wave is obtained.

From the present work we can say that the Timoshenko-type
plate theories are valid in describing the displacement field for
plates subjected to impulsive loadings including even the severe
cases such as the loadings represented by a Dirac delta function
and a step function.
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